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Abstract
Recently Chen and Zhu propose a true radiation gauge for gravity [Phys. Rev. D 83, 061501(R) (2011)].
This work presents a general solution for the metric of Schwarzschild black hole in this radiation gauge.
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I. INTRODUCTION
The space-time metric is determined by the matter energy-momentum tensor of gravitational
source via Einstein field equations
Rµν −
1
2
gµνR = −8piGTµν , (1)
where gµν is the metric tensor, Rµν and R are Ricci tensor and scalar, and Tµν denotes the matter
energy-momentum tensor. The light speed c in vacuum is set as 1. Here and in the following,
Greek indices run from 0 to 3 and Latin indices run from 1 to 3.
Due to Bianchi equalities, Einstein field equations only have six independent equations, while,
a metric tensor has ten components. Therefore, we need four additional conditions to fix the
solution when we solve Einstein field equations. This is also called as gauge fixing.
Although it is generally believed that the gauge can be chosen arbitrarily, Fock believes that the
solution to Einstein field equations has physical significance only under the harmonic-coordinate
conditions [1],
gµνΓλµν = 0 , (2)
where Γλµν denotes the affine connection. The harmonic-coordinate conditions have been em-
ployed in obtaining the post-Newtonian solution to Einstein field equations and dealing with the
calculation of the gravitational radiation. The harmonic-coordinate conditions play a similar role
as does the Lorentz gauge ∂µA
µ = 0 with Aµ being the vector potential in electrodynamics, and
they does not fix the gauge completely and are not suficient to specify the two physical polariza-
tions of the gravitational wave. Recently, Chen and Zhu pioneer a true radiation gauge for general
relativity [2],
gijΓλij = 0 , (3)
which is similar to the Coulomb gauge ∂iA
i = 0 in electrodynamics. This gauge can remove
all nonphysical degrees of freedom of the gravitational field in the weak-field limit, and thus the
energy of gravitational wave can be calculated directly. Therefore, this gauge may be viewed as
an improvement over the harmonic gauge for dealing with the gravitational wave radiation, and
would make the canonical structure and quantization of gravity more illuminating [2]. In their
work, the authors focus on the weak-field regime and present the radiation-gauge solution for the
metric of Schwarzschild black hole to the first order. It is interesting and important to study the
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general solution for Schwarzschild black hole in this radiation gauge, and this is the aim of this
work.
II. DERIVATION OF EXACT SOLUTION FOR SCHWARZSCHILD BLACK HOLE IN THE RA-
DIATION GAUGE
We start with the standard form of Schwarzschild metric [3]
ds2 = −
(
1−
2GM
R
)
dt2 +
(
1−
2GM
R
)
−1
dR2 +R2
(
dθ2 + θ2dϕ2
)
, (4)
where M is the mass of black hole. In order to find the solution satisfying the radiation gauge
Eq. (3), we introduce a new radius variable r, and let R be a function of r. Re-writing Eq. (4) in
terms of r, we have
ds2 = −
(
1−
2GM
R
)
dt2 +
(
1−
2GM
R
)
−1
R′2dr2 +R2
(
dθ2 + sin2 θdϕ2
)
, (5)
where the prime denotes the derivative with respect to r.
Similar to the construction of the harmonic coordinates for Schwarzschild metric [4], we can
construct the coordinates in the radiation gauge as follows:
x1 = r sin θ cosϕ , x2 = r sin θ sinϕ , x3 = r cos θ , x0 = t . (6)
Then Eq. (5) becomes
ds2 = −
(
1−
2GM
R
)
dt2 +
[(
1−
2GM
R
)
−1
R′2
r2
−
R2
r4
]
(x·dx)2 +
R2
r2
dx2 . (7)
The components of the metric can be written down explicitly,
g00 = −
(
1−
2GM
R
)
, (8)
g0i = 0 , (9)
gij =
R2
r2
δij +
[
R′2
(
1−
2GM
R
)
−1
−
R2
r2
]
xixj
r2
. (10)
In order to derive the general solution, we also need the inverse of metric, which can be obtained
from Eqs. (8)-(10) as follows:
g00 = −
(
1−
2GM
R
)
−1
, (11)
g0i = 0 , (12)
gij =
r2
R2
δij −
[
1−
R2
R′2r2
(
1−
2GM
R
)]
xixj
R2
. (13)
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Substituting Eqs. (8)-(13) into Eq. (3), after tedious but straightforward calculation, we find the
0-component of Eq. (3) is automatically satisfied, and the l-commponent can be written as[(
1−
2GM
R
)
R′′
R′r
+
(
2R′
R
−
2
r
+
3GM
Rr
)
R′
R
]
2xl
R′2
= 0 (14)
Therefore, we have (
1−
2GM
R
)
R′′
R′r
+
(
2R′
R
−
2
r
+
3GM
Rr
)
R′
R
= 0 . (15)
One simple solution to Eq. (15) can be written as
R = αr +
3
2
GM , (16)
with α being a constant. Substituting this equation into Eq. (7), we have
ds2=−
(
1−
2GM
αr+ 3
2
GM
)
dt2+
(
α+
3
2
GM
r
)2
dx2+
[
−GM(αr− 3
4
GM)(αr+ 3
2
GM)
r2(αr− 1
2
GM)
]
(x·dx)2
r2
.
(17)
The constant α can be fixed when we consider the weak-field limit of general relativity, which
should be consistent with Newtonian theory. In the limit of r → ∞, the time-time component of
Einstein field equation gives [4]
∇
2g00 = −8piGT
00 . (18)
Taking the weak-field limit of Eq. (17), and plugging the time-time metric component into
Eq. (18), we have
∇
2
(
2GM
αr
)
= −8piGMδ(r) , (19)
and we can obtain α = 1.
Therefore, a general solution for Schwarzschild black hole in the radiation gauge can be written
as follow:
ds2=−
1− 1
2
GM/r
1+ 3
2
GM/r
dt2+
(
1+
3
2
GM
r
)2
dx2+
[
1+ 3
2
GM/r
1− 1
2
GM/r
−
(
1+
3
2
GM
r
)2]
(x·dx)2
r2
. (20)
where r2 = x2 . It is easy to check that this solution reduces to the first-order result given in the
work [2] in the weak-field limit.
III. SUMMARY
In this work we have obtained the exact metric of Schwarzschild black hole in the radiation
gauge, and this solution may be useful in studying gravitational physics near the black hole.
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